A study of 4α linear-chain structure (LCS) in high-lying collective excitation states of 16 O with a covariant density functional theory is presented. The low-spin states are obtained by configuration mixing of particle-number and angular-momentum projected quadrupole deformed mean-field states with generator coordinate method (GCM). The high-spin states are determined by cranking calculations. These two calculations are based on the same energy density functional PC-PK1. We have found the LCS candidate in both high-lying low-spin GCM states and cranking high-spin states with similar moment of inertia and band-head energy, which are estimated to be around 0.11 MeV and 30 MeV, respectively. The intrinsic configuration is considered to be the one that 4α clusters stay along a common axis and nucleons occupy the (s)
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I. INTRODUCTION
The excited states close to particle emission threshold in doubly-magic 16 O have been of much interest due to the formation of α clustering structure, which is different from the spherical ground state with shell-like picture. In particular, the possible existence of 4α linear-chain structure (LCS) in highly excited states of 16 O has been under intensive discussion. About half-century ago, Chevallier et al. observed resonant 2 + , 4 + , and 6 + states in the reaction 12 C(α, 8 Be) 8 Be and proposed that these states may correspond to the rotating states with 4α LCS. The moment of inertia (MOI) was estimated as 2 /(2J ) = 64 keV with band-head excitation energy of 16.8 MeV [1] . This proposal was supported by the analysis of decay widths for the states [2] . Later, Freer et al. performed the 12 C( 16 O, 4α) 12 C reaction, and obtained a slightly smaller MOI (96 ± 20 keV) with bandhead excitation energy of 17.0 ± 0.7 MeV [3] . The calculation by Bauhoff et al. [4] using the Brink's α cluster model supported the existence of 4α LCS state in low-spin states of 16 O, which predicted the MOI to be 64 keV and the band-head excitation energy of 16.3 MeV, in excellent agreement with the data [1] . Most recently, a new measurement of the 12 C(α, 8 Be) 8 Be excitation function was carried out. Unfortunately, this experiment did not provide any evidence to support the existence of 4α LCS in 16 O [5] .
The formation of cluster structure in finite quantum many-body systems in itself is an interesting phenomenon. In nuclear physics, the cluster structure is essential to understand many problems of nuclear structure and reactions. A fully microscopic understanding of cluster formation necessitates the treatment of the individual nucleons as the fundamental ingredients, with the clusters and their properties emerging automatically from the calculations, instead of assuming a priori certain geometrical arrangements for the clusters. Self-consistent mean-field approaches with all nucleons treated on the same footing provide us good tools for understanding these phenomena from this aspect. The previous studies in this context have shown that the nucleons are prone to form cluster structure in the nuclear system with either high excitation energy and high spin with large deformation [6, 7] , deep confining nuclear potential [8, 9] , or expansion with low density [10] .
In the recent decade, several studies based on selfconsistent mean-field approaches have been carried out for the 4α LCS in 16 O. The relativistic mean-field (RMF) calculations with a constraint on nuclear quadrupole moment demonstrated the existence of 4α LCS in hyperdeformed mean-field state with deformation parameter β ≃ 3.6 and excitation energy of 37 MeV [11, 12] . It can be understood that the degeneracy of single-nucleon levels is reduced by deformation since the spherical symmetry is lost, but can be recovered at some specific deformations, for example, with the long-short axis ratio around 2:1 (superdeformed shape) or 3:1 (hyperdeformed shape), which favors the formation of clusters [13] . The stability of this state against quadrupole shape fluctuation in 16 O has been studied with a generator coordinate method implemented with particle-number and angular-momentum projection (GCM+PNAMP) based on a non-relativistic Skyrme-Hartree-Fock (SHF)+BCS calculation with SLy4 force [14] . It was found that the 0 + 6 state with dominated 8p-8h character and excitation energy of 32 MeV is close to the 4α LCS. A more recent calculation by Ichikawa et al. [7] using a cranking SHF method suggested that a rapidly rotating 16 O can deform into the 4α LCS in the region of angular momentum (13 − 18 ) . The MOI was estimated to be around 60 − 80 keV with a very high band-head energy 38 MeV. The formation of LCS in high-spin state was regarded as a result of the competition between nuclear attractive and centrifugal forces due to rapid rotation. It means that even without taking into account the orthogonality condition to the low-lying state, which can enhance the stability of LCS and was considered in Refs. [15, 16] , one finds a region of angular momenta for the formation of LCS in high-spin states.
In recent years, the structure of the proposed 4α LCS rotational states in Ref. [1] has been mainly interpreted in two different ways. A study of the structure and scattering of α+ 12 C system using a double folding model in the coupled-channel method suggests that the rotational states have the 12 C(0 + 2 )+α cluster structure [17] . This picture is also supported by the most recent study using the GCM+AMP method based on an extended 12 C(AMD)+α cluster model, which proposes the 12 C(0
to be a 4α condensed gas-like state with excitation energy of 17 MeV and rms charge radius of 3.8 fm [18] . On the other hand, most recently, the 4α LCS in 16 O was investigated with the Brink model wave function by Suhara et al. [19] , suggesting that the 4α LCS has the one-dimensional α condensate character, where the α clusters are trapped into a one-dimensional potential in a nonlocal manner, like a gas.
The aim of this work is to search for the 4α LCS in 16 O with a covariant density functional theory (CDFT), which has already achieved great success in describing variety aspects in nuclear physics [20] [21] [22] [23] . On one hand, it has been pointed out in Ref. [8] that relativistic energy density functionals (EDF) are characterized by deep single-nucleon potentials and therefore are prone to predict the occurrence of much more pronounced cluster structures in nuclear ground state than the nonrelativistic EDF. On the other hand, most clustering states appear in light nuclei and are deformed in the intrinsic frame. The effects from shape fluctuations and restoration of rotational symmetry need to be examined. Moreover, the cluster structure in nuclear excited states has not been studied with a relativistic functional. Therefore, the search for the 4α LCS in both low-spin and high-spin excited states of 16 O and the investigation of the structure properties of these exotic states based on a relativistic EDF are very interesting. To this end, both the GCM+PNAMP and cranking methods on top of the CDFT are adopted.
The paper is organized as follows. In Sec. II, we introduce the basic formulae of the CDFT and its extension for nuclear collective excitation states briefly. The results from both GCM calculation for nuclear lowspin states and cranking calculation for nuclear high-spin states based on the CDFT are presented and discussed in Sec. III. Finally, a summary and outlook are given in Sec. IV.
II. THEORETICAL FRAMEWORK
The starting point of the point-coupling type of CDFT is an EDF which has the following form [24, 25] ,
where densities ρ i and currents j µ i are bilinear combinations of Dirac spinors, namelyψΓ i ψ with i = S, V, T V representing the symmetry of the coupling. The subscript S stands for isoscalar-scalar (Γ S = 1), V for isoscalar-vector (Γ V = γ µ ), and T V for isovector-vector (Γ T V = γ µ t 3 ) type of coupling characterized by their transformation properties in isospin and in space-time. A µ is the four-component electromagnetic field. The coupling constants α i , β i , γ i , δ i are determined in the optimization of the EDF for the properties of several finite nuclei and/or nuclear matter [24, 25] .
In the following, we will introduce the extensions of the CDFT for low-spin and high-spin states separately in a brief way. More detailed description can be found in Refs. [26] [27] [28] [29] [30] and Refs. [23, 31, 32] respectively.
A. The GCM calculation for low-spin states
The wave function of nuclear low-spin state is given by the superposition of a set of both particle-number and angular-momentum projected (PNAMP) quadrupole deformed mean-field states in the framework of GCM [30] ,
mean-field states |q(β, γ) are Slater determinants of single-(quasi)particle states from the RMF+BCS calculation with constraints on the mass quadrupole moments
, where the deformation parameters β, γ are related to the quadrupole moments by β = 4π . Moreover, q(β, γ) is abbreviated with β subsequently.
Minimization of nuclear total energy with respect to the coefficient f JN Z α leads to the Hill-Wheeler-Griffin (HWG) equation [33] ,
where
are the norm kernel and the energy kernel, respectively. The solution of HWG equation provides the energy spectrum and all the information needed for calculating the electric multipole transition strengths in low-spin excited states.
B. The cranking RMF calculation for high-spin states
The GCM+PNAMP method can provide nuclear excited states with good quantum numbers, which are essential for spectroscopic study. However, it is currently limited to low-spin states due to the computation difficulty. To obtain nuclear high-spin states, we are restricted to the semiclassic cranking method on top of the CDFT, in which the nucleus is cranked along x-axis with a constant rotational frequency ω. The wave function of single-particle (s.p.) state is the solution of the Dirac equation in body-fixed rotating frame, which turns out to have the following form [23, 34] ,
where the single-particle Hamiltonian in non-rotating frame h 0 is
The ε k and ψ k are the energy and wave function of singleparticle (s.p.) state in rotating frame, respectively. m is bare nucleon mass. The S(r), V µ (r) represent the scalar potential and vector potentials. The V(r) is the spacelike (time-odd) component of vector potential, which is often called nuclear magnetism [20] and is nonzero only in time-reversal invariance violated systems. In the cranking RMF approach for a rapidly rotating nucleus, the Coriolis term ωJ x violates the time-reversal invariance in the intrinsic frame and therefore generates the nonzero nuclear magnetism term V (r).
C. Expansion of Dirac spinor on a basis
The Dirac equation in both deformation constrained RMF+BCS and cranking RMF calculations is solved by expanding the Dirac spinor ψ k on a three-dimensional harmonic oscillator (HO) basis in Cartesian coordinates,
where χ k (t) is the isospin part and
The HO basis {α,ᾱ} are chosen as eigenstates of the x-simplex operatorŜ x =P e −iπĴx with positive and negative eigenvalues
where |n x n y n z is the space part of the three-dimensional HO wave function. The phase factor i ny is chosen in order to have a real matrix elements for the Dirac equation [35] .
In the deformation constrained RMF+BCS calculation for generating mean-field reference states as inputs of GCM calculation, the symmetries associated with parity, x-simplex, and time-reversal invariance are imposed. In this case, one has to expand the Dirac spinor only in half of the full basis with positive or negative simplex eigenvalue. Therefore, we expand the large f k and small g k component in Eq. (7) only on the basis with positive and negative x-simplex values, respectively. In the cranking RMF calculation for high-spin states, we adopt the tilde-cranking code developed in Refs. [23, 31, 32] and restrict the rotation along x-axis. In this code, only the symmetries associated with parity (P ) and the combination of time reversal (T ) and space reflection with respect to x-z plane (P y : y → −y) are imposed. Since the timereversal invariance is violated by the coriolis term, the time-reversal partner states are not degenerate in energy. The Dirac equation has to be solved in the full basis with both positive and negative x-simplex values, cf. Eq. (7). More details are also introduced in the review paper [23] .
III. RESULTS AND DISCUSSIONS
In both the deformation constrained RMF+BCS and cranking RMF calculations, 12 major HO shells are adopted, which turns out to give difference in total energy within 1 MeV compared with the value by 14 major shells for the configurations with deformation parameter β up to 4.0. We note that the GCM+PNAMP calculation with 14 major HO shells for the expansion of Dirac spinor is very time-consuming. In particular, as we will see in the results, this energy difference is marginal and will not have much influence on our conclusions, compared with the excitation energy of LCS candidate states. There is no parameters in our study other than those in the EDF, for which the relativistic point-coupling parametrization PC-PK1 [25] is used throughout this work. In the deformation constrained RMF+BCS calculation, a density-independent δ force implemented with an energy-dependent smooth cutoff factor [36] is adopted in the same way as the PC-PK1 was parameterized. In the cranking RMF calculation, pairing correlations between nucleons are neglected due to the anti-pairing effect of the Coriolis term.
A. 4α LCS in low-spin states Figure 1 (b) displays the mean-field and both particlenumber and angular-momentum (PNAMP) projected energy as a function of the intrinsic quadrupole deformation β in 16 O. To search for the LCS in the mean-field state, we also plot the density profiles for some configurations on the curve. It is shown that there is a shoulder on the energy curve around β = 3.6, at which an evident 4α LCS is found. The excitation energy of this state is 39.1 MeV. After restoration of rotational symmetry, this energy is reduced to 31.5 MeV. The configuration mixing calculation predicts the excitation energy of 0 + state with the 4α LCS to be 29.6 MeV. The result is consistent with the value of 32.0 MeV obtained by the previous GCM+PN1DAMP calculation using the SLy4 force [14] , which suggests a 8p-8h character for this state. However, these values are still much higher than the suggested value of 16.8 MeV in Ref. [1] . Besides the rotational band with 4α LCS (with β ∈ [2.8, 4.0]), an oblate deformed rotational band (with β ∈ [−1.0, −0.5]), together with a highly prolate deformed rotational band (with β ∈ [1.0, 2.0]), which is similarity to the "kite" structure found in Refs. [4, 11] , is displayed in Fig. 1 . Moreover, when the deformation parameter β is increased up to β = 4.8, a structure of 8 Be+ 8 Be appears in 16 O, which is beyond the scope of the present study.
It is basically considered that for the α gas-like state, all of the α clusters occupy the same S orbital, which has a spatially extended distribution [37] . This picture is well described by the THSR (Tohsaki, Horiuchi, Schuck and Röpke)) wave function [38] . If α clusters are formed, the spin-orbit interaction energy should be exactly zero. From this point of view, the spin-orbit interaction energy may provide us a way to distinguish the shell-like and cluster-like structure. Fig. 1(a) displays the spin-orbit interaction energy
and the sum of the matrix elements with its absolute
for each mean-field state |β , where a "−" sign is introduced in defining SO1 to have positive values because the spin-orbit interaction is attractive, v 2 k is the occupation probability of the k-th s.p. state in the mean-field state |β and the matrix element is given by [20, 39] 
with V ℓs = m m eff.
(V 0 − S)(r), and m eff. = m − 1 2 (V 0 − S)(r). As in Ref. [40] , only the large component in the Dirac spinor ψ k is used in the calculation of quantity k|V s.o. |k . One finds that for the spherical state the SO1 is very small due to shell closure (not exact zero because of the elimination of small component in the Dirac spinor), while the SO2 is very large, which reflects the size of spin-orbit splitting energies. Moreover, it is shown that the SO2 decreases with the deformation |β| in both oblate and prolate sides, which is found to be a common feature in atomic nuclei. In particular, the values of SO1 and SO2 become close to each other in the configurations with |β| > 1.0, which is a sequence of population of nucleons from the upward spherical (spin-orbit antiparallel) p 1/2 orbital to the downward spherical d 5/2 orbital with the increasing of quadrupole deformation β. The SO1 value turns out to be about 3.8 MeV for the configuration at β = 3.6 with 4α LCS. Figure 2 shows the comparison of matrix element k|V s.o. |k for each occupied s.p. state in the mean-field states with β = 0.0 and β = 3.6. We note that the k|V s.o. |k values at β = 3.6 are much smaller than those at the spherical shell-like state. In particular, the values of the matrix elements for β = 3.6 are always negative, which indicates that the spin and orbital angular momenta of all nucleons are parallel to each other. We note that the spin-orbit interaction energy SO1 is not exactly zero, which may indicate that there exists a small mixture of non α-cluster components in the configuration. Figure 3 displays the calculated low-spin spectra of 16 O in comparison with experimental data. Following 2 ) and E2 transition strength B(E2 ↓) (e 2 fm 4 ) for the low-spin states with "kite"-like structure from the GCM+PN1DAMP calculation using the PC-PK1 force. The results are compared with other calculations [14, 18, 42] and the experimental data [43] . Ref. [4] , the level sequences with similar structure are connected with dotted lines. Even though the calculated excitation energies are systematically higher than the data, three rotational bands based on different configurations are shown. The excitation energies of "kite"-like rotational states are in qualitative agreement with the measured levels connected with dotted lines, the band-head state of which (0 + 2 ) has been a mysterious state and was suggested to have 12 C(0 + 1 )+α structure in Refs. [18, 42, [44] [45] [46] . Table I presents the detailed properties of these "kite"-like states. Our calculated B(E2) values are in rather good agreement with the data [43] . The present calculation provides a full microscopic description of these states and suggests these states to have "kite"-like structure. 2) by the following relation,
and are orthonormal to each other. It is shown in Fig. 4 that the collective wave functions of 0 + , 2 + , 4 + LCS candidate states are very similar with a sharp peak at β = 3.2, while the 6 + state is fragmented. Table II presents the properties of the low-spin states with 4α LCS. The rms charge radii R J c of these states are around 3.9 fm, which is close to the value of 3.8 fm in the recent GCM calculation based on the AMD model [18] , but much smaller than the value of 5.0 fm by the 4α orthogonality condition model [47] . The ratio to the rms charge radii of ground state R J c /R g.s. c is around 1.4, in surprised agreement with the theoretical threshold value of ∼ 1.45 for α formation [10] . at β = 3.6. To understand the nature of the 4α LCS, the total intrinsic density of mean-field state at β = 3.6 is decomposed into densities of the four lowest occupied s.p. states, as shown in ii) The gray curves in Fig. 6 suggests that the 4α clusters stay along a common axis and nucleons occupy the (s)
To study the localization of nucleons in these s.p. states, following Ref. [9] we calculate the localization parameter α = r 2 − r 2 /r, where the average internucleon equilibrium distance is chosen asr = 0.9. We obtain 1.4 for Fig. 6(a) and Fig. 6(c) and 2 .1 for Fig. 6(b) and Fig. 6(d) , all of which are much larger than the typical value ∼ 1.0 of localized clustering state. It means that the four α clusters in the 4α LCS candidate states of 16 O are delocalized and close to the quantum liquid/gas phase of nucleonic matter, in agreement with the conclusion found in the recent Brink model study [19] .
iii) The weight of the most dominated HO components
[n x , n y , n z ] in the four lowest s.p. states [cf. Fig. 6 ] is displayed in Fig. 7 , where n x , n y turn out to be zero in all the dominant HO components. We note that the s. 
B. 4α LCS in high-spin states
To search for the 4α LCS in the high-spin states, we perform cranked RMF calculations with various rotational frequencies. We choose the x-axis as the cranking axis and start the calculations from a triaxially deformed Woods-saxon potential [39] . Table III lists the properties of convergent LCS candidate solutions with the rotational frequencies ω in between 2.75 and 4.00 MeV, which is higher than the value in between 1.9 (2.0) and 2.2 (2.1) MeV by the cranking SHF calculation using SkI4 (SLy6) force [7] . The angular momentum for the state with LCS ranges from 12.6 to 18.0 , which is almost the same as that by the cranking SHF calculation [7] as a consequence of its quantum nature. According to the definition of angular momentum J cra (J cra + 1) = Ĵ x 2 ,
where Ĵ x = A k=1 k|ĵ x |k , one finds that the angular momentum J is defined by the spin direction of all nucleons, different from the classic quantities (such as radius and MOI) which are much dependent on the nuclear density distribution. The difference in the cranking frequency comes from the different MOI of the states. The TABLE III: The rotational frequency ω (MeV), angular momentum J( ), total energy Etot (MeV), deformations (β, γ), charge radius (fm), and the spin-orbit energies SO1 and SO2 (MeV). The angular momentum with the rigid-body MOI is calculated as J rid = J ω, where the MOI 1/(2J ) = 0.11 (MeV −2 ) is obtained from the parametrization of the energy from the cranking RMF calculations to the rotational formula Etot(Jcra) = Jcra(Jcra + 1)/(2J ).
( ω 4α LCS candidate states in the present relativistic calculation have a smaller J than that in the non-relativistic calculation. The angular momentum deduced from the rigid-body MOI can be calculated as J rid = J ω, and this value is found to be similar to the cranking value J cra. . The deformation β of the cranking LCS candidate state ranges from 2.1 to 2.6, which is much smaller than that of the dominated mean-field states in the GCM states with LCS. Moreover, these states deviates slightly from axial symmetry with γ = 356
• . It is shown that the spin-orbit interaction energy SO1 is very close to the sum of spin-orbit splittings SO2, which has been also found in the mean-field configurations of low-spin LCS states, cf. Fig. 1 , indicating again the parallel of spin and orbital angular momenta in LCS states. Moreover, we note that this value is just slightly higher than that for the configuration at β = 3.2 and is decreasing with cranking frequency, which is also found in the cranking SHF calculation [48] . Figure 8 displays the density distribution of LCS candidate states in 16 O at the rotational frequency ω = 3.0, 3.5, 4.0 MeV, respectively. It is shown that the 4α LCS is less evident than that shown in the mean-field [010]
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[000] configurations illustrated in Fig. 5 and that by the cranking HF calculation based on the non-relativistic Skyrme EDF [7] . The length of the longest z-axis with total nucleon density ρ ≤ 0.02 fm −3 is ∼ 13 fm, much shorter than that (∼ 16 fm) in the non-relativistic Skyrme calculation [7] . It provides a simple explanation for the smaller MOI J (by a factor of 1.5 − 1.8) in the present calculation. Figure 9 displays the energy of occupied s.p. states in the LCS candidate states by the cranking RMF calculation as a function of rotational frequency ω. Each state is labeled with the quantum number of the largest component [n x n y n z ] in the large component of Dirac spinor. Time-reversal partner s.p. states are not degenerated due to the violation of time-reversal invariance by the time-odd fields. Therefore, one observes two s.p. states with the same quantum numbers [n x n y n z ] but different energies. Moreover, it is shown that except the levels around the Fermi energy, all the s.p. levels are labeled with n x = n y = 0, just different from each other by the quantum number along z-direction. It is consistent with the findings in the mean-field configuration with LCS, cf. Fig. 7 , which illustrates the one-dimensional character of 4α in 16 O. The results of the present study are summarized in i) The excitation energy at low-spin region from the pure AMP calculation for the mean-field state at β = 3.2 is very close to that of LCS candidate states by the GCM+PN1DAMP calculation. It can be understood from Fig. 4 that the GCM states are dominated by the single configuration at β = 3.2.
The MOI of the low-spin states from the GCM calculation turns out to be 2 /(2J ) = 0.12 MeV.
ii) The band-head excitation energy by the extrapolation from the cranking RMF results is 30.2 MeV at J = 0, very close to the energy 29.6 MeV of 0 + state by the GCM+PN1DAMP calculation. The MOI is estimated to be 2 /(2J ) = 0.11 MeV, larger than the value 0.06 − 0.08 MeV obtained from the cranking SHF calculation. In other words, we obtain a smaller MOI J , which is multiplied with a higher rotational frequencies ω resulting the same angular momentum as the cranking SHF calculation for LCS candidate states.
IV. SUMMARY
We have presented a detailed study of the 4α linearchain structure in both low-spin and high-spin excited states of 16 O within a covariant density functional theory. The low-spin states have been calculated by configuration mixing of particle-number and angular-momentum projected quadrupole deformed mean-field states from deformation constrained RMF+BCS calculation. The high-spin states have been determined by the cranking RMF calculation. Our conclusions for the linear-chain structure in high-lying low-spin and high-spin states are summarized as follows: i) For the low-spin candidate states, an evident 4α LCS has been shown in the dominated intrinsic configurations. The analysis of the intrinsic configuration suggests that the 4α clusters stay along a common axis and nucleons occupy the (s)
configurations in a nonlocal way. Moreover, our results indicate that the spin and orbital angular momenta are parallel in the LCS states but the sum of spin-orbit splitting energies turns out to be much small than that of shell-like state, which is consistent with the picture of formation of α clusters. The dynamical correlation effects from restoration of rotational symmetry and configuration mixing play an important role in lowering (∼9 MeV) the excitation energy of these exotic states.
Besides, the rotational band built the second 0 + state has been extensively discussed for many years and this band has been considered to have 12 C+α structure. We have reproduced the energies and B(E2) values of this band rather well in a fully microscopic way, and the dominant configuration turns out to be four α clusters with "kite"-like shape.
ii) For the rotational high-spin candidate states with 4α LCS, the MOI and band-head (J = 0) excitation energy are estimated to be around 0.11 MeV and 30 MeV, respectively, which are slightly different from the results (0.06 − 0.08 MeV and 38 MeV) of previous cranking SHF calculations. Moreover, we have found that the 4α LCS in high-spin excited states is less pronounced (less stretched along the symmetric axis) than that by the cranking calculation based on the non-relativistic Skyrme EDFs. However, the LCS states are found at the same angular momenta region, i.e. 13 − 18 .
Finally, we point out that the present study demonstrates the ability of the projected GCM based on the CDFT for the cluster structures in nuclear low-spin states. The extension of the present study to the cluster structures in excited states of other light nuclei is also very interesting, such as the stability of clusters found in superdeformed states of Ar isotopes against the shape fluctuation [49] . For some other exotic cluster states, however, the other shape degrees of freedom, such as octupole deformation might be required. Work along this direction is in progress. Moreover, we note that for the high-spin states the cranking solutions pertain to the intrinsic frame and therefore cannot directly be compared to experiment. The implementation of AMP technique for time-reversal violated system is necessary to carry out a detailed spectroscopic study for the high-spin states. Some efforts have recently been devoted along this direction based on the non-relativistic Skyrme EDF [50, 51] . The application of such methods for the clusters in nuclear high-spin states will also be very interesting.
